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In the ontext of seond order perturbation theory, osmologial bakreation is seen to resale
both time and the sale fator. The issue of the homogeneous limit of long-wavelength perturbations
is addressed and bakreation is quantied in terms of a gauge-invariant metri funtion that is the
true physial degree of freedom in the homogeneous limit. The time integral of this metri funtion
ontrols whether bakreation hastens or delays the expansion of the universe. As an example,
late-time aeleration of the universe is shown to be inonsistent with a perturbative approah. Any
tendeny to aelerate the expansion requires negative non-adiabati pressure utuations.
PACS numbers: 98.80.Cq
I. INTRODUCTION
The appliation of osmologial perturbation theory to
primordial utuations and the osmi mirowave bak-
ground has been outstandingly suessful [1℄. Sine inho-
mogeneities tend to grow in the universe, however, it is
lear that rst order perturbation theory will not remain
valid. The question then arises: to what extent do these
inhomogeneities at bak on the expansion of the uni-
verse? Aligned with this question is the expetation that
as observations beome inreasingly preise one might see
seond order eets at early times [2, 3, 4, 5, 6℄. Conse-
quently, the issue of osmology perturbations to seond
order and beyond has been the subjet of onsiderable
inquiry[57℄.
The treatment of osmologial perturbations to seond
order was rst arried out in the ontext of bakreation
[7, 8℄. This initiated the general study of inhomogeneities
and averaging in osmology [9, 10, 11, 12, 13℄, and ul-
minated in a beautiful series of papers [14, 15, 16, 17℄
(see also [18℄) highlighting the fat that there is both a
kinematial bakreation beause spatial averaging and
time evolution do not ommute, and a urvature bakre-
ation beause spatial averaging and spatial resaling do
not ommute (see also [19℄). At the very least, therefore,
one should expet a resaling of the osmologial param-
eters; in the extreme limit, the evolution of the universe
an be misharaterized by imposing on it the FLRW
framework.
One of the deienies of the early work on seond
order perturbations was that it was not gauge-invariant
and, hene, was diult to interpret reliably. After the
mathematial foundation of gauge-invariant perturbation
theory to all orders was established [20, 21, 22℄, work be-
gan in earnest on quantifying bakreation and on identi-
fying onservation laws for long-wavelength utuations
[23, 24, 25, 26, 27, 28℄. It was shown [22℄ that bak-
reation of long-wavelength modes behaves like a nega-
tive osmologial onstant and it was antiipated that
there ould be a dynamial relaxation mehanism for the
osmologial onstant [29, 30℄. Subsequently, there was
some debate as to whether suh bakreation was physi-
ally measurable [31, 32, 33, 34℄ and the analysis of bak-
reation was tightened. Speially, it was noted [35℄
that one requires a physial lok, e.g. a seondary salar
eld, to whih a physial observable an be referred.
The most reent diretion taken by the study of bakre-
ation onerns the late-time aeleration of the universe
[36, 37℄. It sues to say that arguments are forefully
put (e.g. [38, 39, 40, 41, 42, 43, 44, 45, 46℄) both for and
against the idea that bakreation an be responsible for
late-time aeleration.
This paper is a onservative attempt to apply two
lessons from the study of bakreation. The rst is that
the sale fator and other osmologial parameters de-
dued from observations are resaled quantities and not
the bare quantities entering the perturbative formalism.
The seond lesson is that if extremely long-wavelength
modes are the primary ontribution to bakreation, then
it should be possible to understand their eet in terms
of the loal equations of homogeneous and isotropi os-
mology [47℄. Our approah is to suppose that a seond
order perturbative omputation has been performed; the
homogeneous omponent then represents the bakrea-
tion on the bare osmologial quantities.
In the next setion, we dedue the general form of ho-
mogeneous salar metri perturbations in an FLRW uni-
verse. We introdue the uniform urvature and onformal
gauges in setion III and onstrut the gauge invariant
metri funtion that will be ruial in our disussion of
bakreation. In setion IV, we point out the weakness
of the longitudinal gauge in the homogeneous limit and
show that the uniform urvature gauge enodes the phys-
ial metri degree of freedom at all wavelengths. We also
write down the perturbed Einstein equations for hydro-
dynamial matter in the uniform urvature gauge. In
setion V, treating homogeneous perturbations as aris-
ing at seond order, we argue that bakreation is quan-
tied by transforming to the onformal gauge and that,
onsequently, time and the sale fator are resaled. We
establish a rule of thumb for bakreation to hasten or
delay the expansion of the universe, and illustrate what
this implies for ination and late-time aeleration.
2II. HOMOGENEOUS PERTURBATIONS
In the standard theory of osmologial perturbations
[48, 49, 50, 51℄, all quantities are referred to the unper-
turbed manifold. Therefore, homogeneous perturbations
are those with no dependene on the spatial oordinates
of the bakground FLRW spaetime. One also assumes,
usually impliitly, that the spatial average of rst order
perturbations vanishes. By this assumption, there an
be no homogeneous perturbations at rst order. For rea-
sons that will beome lear, we onsider more general
perturbations for whih this assumption is relaxed. We
will require only that the perturbations are bounded in
spae. For simpliity, we assume a at model of the uni-
verse and use η to denote onformal time.
Homogeneous metri perturbations take the general
form
δgµν = a
2(η)
[
2φ(η) Σi(η)
Σj(η) −Hij(η)
]
, (1)
where a(η) is the bakground sale fator. These an
be deomposed into the usual salar, vetor and tensor
piees with respet to the spatial metri δij as follows
[51℄:
Σi = Si −B,i ,
Hij = −2ψ δij + 2E,ij + Fi,j + Fj,i + hij ,
where Si,i = F
i
,i = h
ij
,i = h
i
i = 0. The atual deom-
position follows from the equations:
∇2ψ = 0,
∇2E = 3ψ + 12H
i
i,
∇2B = 0,
∇2Fj = −4ψ,j,
where ∇2 is the Laplaian operator on the 3-metri δij .
The appropriate boundary onditions for these equations
are that the quantities remain bounded. It then fol-
lows that all are simply funtions of time and that the
right hand sides must vanish. In partiular, we have
ψ = − 16H
i
i, and so Si = Σi and hij = Hij−
1
3H
k
kδij .We
onlude that the salar part of the metri perturbations
has the form
δg(S)µν = a
2
[
2φ 0
0 2ψ δij
]
. (2)
III. GAUGE INVARIANCE
From now on we will onentrate on salar perturba-
tions. As usual we will want to hoose a gauge that
exploits gauge-invariant quantities. It turns out that the
longitudinal gauge is not a useful gauge here; instead we
will onsider the uniform urvature gauge and the on-
formal gauge.
Beause B and E have no spatial dependene, they
are eetively zero as far as the metri is onerned. But
this does not mean we are in the longitudinal gauge. The
oordinate transformation xµ → xµ = xµ + δxµ that
aets the salar perturbations has δxµ = (ξ0, ξ,i) and
leads to [51℄
φ → φ = φ−
1
a
(aξ0)′,
ψ → ψ = ψ +
a′
a
ξ0,
B → B = B + ξ0 − ξ′,
E → E = E − ξ,
where
′
denotes a derivative with respet to η. We an
hoose the longitudinal gauge (E = B = 0) in the usual
way: ξ = E, ξ0 = E′ − B, but this does not simplify
the form of the metri at all. In fat, as long as ξ0 and
ξ are funtions of η, B and E remain eetively zero.
Sine the hoie of ξ has no bearing on φ and ψ, we
onlude that a residual degree of freedom, namely ξ0,
exists for homogeneous perturbations in the longitudinal
gauge. Therefore, there will be a gauge artifat in our
solutions if we simply let k → 0 in the standard treat-
ment of osmologial perturbations. We will return to
this point shortly.
A gauge-invariant quantity an be onstruted solely
out of φ and ψ. The most onvenient hoie is
Ω = φ+
1
a
(
aψ
H
)′
, (3)
where H = a′/a. Furthermore, sine perturbations of
salars transform as δq → δq = δq − q′0ξ
0,
δq(gi) = δq +
q′0ψ
H
(4)
will also be gauge-invariant. It is straightforward to show
that in terms of the gauge-invariant quantities natural to
the longitudinal gauge δq(gi) = δq(LG) + q′0Ψ/H.
A. Uniform urvature gauge
Choosing ξ0 = −ψ/H, ompletely xes the gauge and
gives ψ = 0 and φ = Ω. Therefore, only the g00 ompo-
nent of the metri is perturbed and all salar perturba-
tions are automatially gauge-invariant. Beause ψ = 0
this gauge is alled the uniform urvature gauge or the
spatially at gauge.
A perfet uid is haraterized by its density ρ, pres-
sure p and 3-veloity ui. In the uniform urvature gauge
and to rst order in homogeneous perturbations, the Ein-
stein equations beome
− 3H2Ω = 4piGa2δρ(gi), (5)
0 = δu
(gi)
i , (6)
(2H′ +H2)Ω +HΩ′ = 4piGa2δp(gi), (7)
3where δu
(gi)
i = δui+ aψ,i/H = δu
(LG)
i + aΨ,i/H. Making
use of the bakground equations 3H2 = 8piGa2ρ0, H
′ −
H2 = −4piGa2(ρ0+p0) and ρ
′
0+3H(ρ0+p0) = 0, we an
rewrite the rst and third equations as
Ω = − 12
δρ(gi)
ρ0
, (8)
δρ(gi)′ = −3H(δρ(gi) + δp(gi)). (9)
As an example, we onsider the ase of adiabati pertur-
bations: δp(gi) = (p′0/ρ
′
0) δρ
(gi)
. Then
Ω = − 32ζ
(
1 +
p0
ρ0
)
, (10)
where
ζ ≡ −
Hδρ(gi)
ρ′0
= −Ψ−
Hδρ(LG)
ρ′0
(11)
is the well known invariant from osmologial perturba-
tion theory. Here ζ = onst.
B. Conformal gauge
If we hoose ξ0 =
∫
dη (φ + ψ), then φ = −ψ and the
metri is returned to a onformal FLRW metri. Al-
though the onformal gauge is not a good gaugeξ0 is
only known up to an additive onstantit suggests a
way to quantify the bakreation of perturbations on the
bakground sale fator. We will develop the idea fully
in setion V.
IV. A COMMENT ON k = 0 VS. k → 0
The standard treatment of (inhomogeneous) salar
perturbations shows there is essentially one metri salar
degree of freedom: there are two gauge-invariant salars
with one onstraint. To be preise, there is a ombination
of the two salars, all it D, whih satises a set of purely
spatial dierential equations. The k → 0 presription is
to nd D and then set the spatial derivatives to zero
in the remaining equations. On the other hand, hoos-
ing k = 0 means dropping all spatial derivatives from
the start and so there is no hope of subsequently nd-
ing D. The weakness of the longitudinal gauge is that it
requires knowledge of D to be able to fully speify homo-
geneous perturbations. This is exatly the gauge artifat
mentioned previously. Fortunately, as we now show, the
uniform urvature gauge is independent of D in the ho-
mogeneous limit. In other words, k = 0 and k → 0 are
the same in the uniform urvature gauge. We will illus-
trate this fat by again onsidering the ase of a perfet
uid.
The uniform urvature gauge an be extended to gen-
eral perturbations [49, 50, 52, 53℄ by hoosing ξ = E so
that E = 0 in addition to ψ = 0. In this way, the salar
metri perturbations are onned solely to the time-time
and time-spae omponents of the metri. We also intro-
due the gauge-invariant ombination
β = B − E′ −
ψ
H
. (12)
To failitate omparison with the longitudinal gauge, in
whih the salar perturbations φ and ψ beome the usual
gauge-invariant quantities Φ and Ψ, we note that
Φ = Ω+ β′ +Hβ
Ψ = −Hβ
}
⇐⇒
{
Ω = Φ+Ψ+
(
Ψ
H
)′
β = −Ψ
H
. (13)
The perturbed equations for a perfet uid in the uni-
form urvature gauge are quite ompat:
− 3H2Ω−H∇2β = 4piGa2δρ(gi), (14)
HΩ,i = 4piGa(ρ0 + p0)δu
(gi)
i , (15)[
(2H′ +H2)Ω +HΩ′
+ 12∇
2D
]
δij −
1
2D
,i
,j = 4piGa
2δp(gi)δij , (16)
where D = Ω + β′ + 2Hβ = Φ − Ψ. The o-diagonal
terms and the dierenes between the diagonal terms of
(16) imply that, for D bounded, D = D(η). If the spatial
average of D is to vanish then we must have D = 0. How-
ever, in the homogeneous limit of the uniform urvature
gauge, we do not need to know D. This is beause the
term in β also drops out; we return to eqns. (5)-(7) and Ω
is the one metri degree of freedom required. In ontrast,
in the longitudinal gauge, terms in both Φ and Ψ remain
if k = 0. We onlude that Ω is the true physial de-
gree of freedom desribing long-wavelength utuations
and that the disussion of homogeneous perturbations is
best had in the uniform urvature gauge. The uniform
urvature gauge an also be extended to seond order
[3, 24, 26, 28℄.
Pertinent to this disussion, one of the onservation
laws that an be derived from the above equations is
ζ′ − 13∇
2β − 13a
−1∇iδu
(gi)
i = −
H
ρ0 + p0
δp
nad
, (17)
where δp
nad
= δp(gi)− (p′0/ρ
′
0) δρ
(gi)
is the non-adiabati
pressure utuation.
V. COSMOLOGICAL BACKREACTION
All osmologial observations are arried out assuming
an underlying FLRW metri. The logi of bakreation
is that, while perturbation theory remains valid, higher
order quantities aet the evolution of lower order quan-
tities. As emphasized earlier, this implies, for example,
that a(η) is the bare sale fator; the atual observed
sale fator is found after bakreation has been taken
into aount. We are looking for the homogeneous eet
of seond order terms on bakground quantities.
4In this light, the homogeneous perturbations in setion
II should be thought of as seond order perturbations;
rst order quantities vanish in the homogeneous limit.
As an example, if q = q0 + q1 + q2 + . . . is a pertur-
bative expansion then, generially, we would expet the
homogeneous perturbation
δq ∼ 〈q21〉.
Note that this does not vanish, in ontrast to the term
〈q0q2〉 = q0〈q2〉 = 0. Furthermore, the observed sale
fator an then be found by onverting to the onformal
gauge. Unfortunately, beause the onformal gauge is not
xed, this proedure is not unique. We laim that it is
most onsistent to perform omputations in the uniform
urvature gauge and from there onvert to the onformal
gauge (φ→ Ω, ψ → 0).
To be spei, ξ0 =
∫
dηΩ and all bakground quanti-
ties should be written in terms of the resaled onformal
time η via
η = η −
∫
dηΩ(η) ≃ η −
∫
dηΩ(η). (18)
Suh resaling of the time is a ommon tehnique in
nonlinear perturbation theory and is similar to the ap-
proahes found in [5, 47, 54℄. The fat that ξ0 is only
speied up to a onstant is not a serious drawbak; it
will be xed one the initial time is hosen, e.g. when
a(η0) = 1. Apart from the resaling of the time, this in-
tegration onstant does not aet the sale fator nor the
Hubble and deeleration parameters:
a(η) = a(η) = a(η − ξ0), (19)
H(η) = H(η) (1− Ω) , (20)
q(η) = q(η) +
Ω′
H(η)
. (21)
Equation (18) suggests a useful rule of thumb: os-
mologial evolution will be delayed (hastened) when∫
dηΩ(η) is positive (negative).
To add some physial ontent to this statement, let us
suppose seond order eets an be treated like a perfet
uid omponent. Suh a situation was shown to arise in
inationary bakreation [22, 34, 35℄: the seond order
terms ontribute to an eetive energy-stress-momentum
tensor that is added to the right hand side of the un-
perturbed Einstein equations. In this partiular ase,
δp(gi) ≃ −δρ(gi) ≃ onst. > 0. Sine ρ0 is also roughly
onstant but positive during ination, we have from eq.
(5),
∫
dηΩ ≃ − 12
δρ(gi)
ρ0
η > 0. (22)
We onlude, as in [22℄, that bakreation works to slow
inationary expansion.
A question urrently of some interest is whether bak-
reation an lead to late-time aeleration of the universe.
Sine a stage of matter domination has q = 12 and de
Sitter expansion q = −1, we an already see that suh
a transition would neessarily require the breakdown of
perturbation theory. Nevertheless, our presription an
indiate the tendeny of bakreation to aelerate the
expansion of the universe. Taking p0 = 0 for dust so that
the bakground sale fator is a ∼ η2, we an say for
ertain that we require negative non-adiabati pressure
utuations (see also [39, 54℄):
q ≃ 12 +
Ω′
H
= 12 +
3
2
δp
nad
ρ0
. (23)
This should also be ombined with δρ(gi) > 0 so that∫
dηΩ < 0 is guaranteed.
VI. CONCLUSIONS
Sine rst order osmologial utuations are required
to vanish under spatial averaging, homogeneous pertur-
bations an only arise at seond order. They then repre-
sent orretions to the bakground quantities. We formu-
lated a gauge-invariant desription of homogeneous per-
turbations in order to quantify this bakreation. The
uniform urvature gauge is the most onvenient gauge
to exploit this gauge invariane and we found that the
gauge-variant metri funtion Ω is the true physial de-
gree of freedom in the homogeneous limit. The nal step
is to transform to the onformal gauge to dedue the a-
tual observed bakground quantities. We saw that this
amounted to a resaling of the time oordinate, an out-
ome whih is well known in nonlinear perturbation the-
ory. The value of the rule of thumb presented here is that
one seond order perturbations have been omputed
admittedly a non-trivial taskone an quikly see what
eet they have on the evolution of the universe. The
gauge invariant quantity Ω also laries issues surround-
ing k = 0 vs. k → 0 and suggests new metri ansätze to
study fully nonlinear perturbations.
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